We introduce a simple general method for finding the equilibrium distribution for a class of widely used inexact Markov Chain Monte Carlo algorithms. The explicit error due to the noncommutivity of the updating operators when numerically integrating Hamilton's equations can be derived using the Baker-Campbell-Hausdorff formula. This error is manifest in the conservation of a "shadow" Hamiltonian that lies close to the desired Hamiltonian. The fixed point distribution of inexact Hybrid algorithms may then be derived taking into account that the fixed point of the momentum heatbath and that of the molecular dynamics do not coincide exactly. We perform this derivation for various inexact algorithms used for lattice QCD calculations.
are required for the exact Hybrid Monte Carlo algorithm. We make use of the remarkable property that all symplectic integrators exactly conserve a "shadow Hamiltonian" close to the desired one for small enough step sizes to produce a uniform and simple asymptotic expansion for the equilibrium (fixed point) distribution of the corresponding inexact Markov chains.
We then turn to the class of inexact algorithms that use a noisy estimate of the force due to the fermionic determinant. We introduce the pseudofermionic χ algorithm as an aid to establishing that the R algorithm, which may be considered as an interpolation between the χ and R 0 algorithms, has only O(δτ 2 ) errors in its equilibrium distribution. We also establish that one our original motivations -namely trying to find an variant of the R algorithm with errors falling as a higher power of the step size -is almost certainly doomed to failure as the unwanted noise contributions to the error are necessarily positive.
This paper is organised as follows: in §II we use the Baker-Campbell-Hausdorff (BCH) formula to derive the form of the "shadow" Hamiltonian that is conserved by various symplectic integrators. A brief description of Hybrid stochastic algorithms is given in §III, and the resulting fixed points of these algorithms are derived in §IV. We then turn our attention to noisy algorithms, specifically as applied to fermion theories, in §V. For the reader's convenience we collect as appendices derivations of some important results that are rather difficult to find in an accessible form in the literature.
II. SYMPLECTIC INTEGRATORS
We are interested in finding the classical trajectory in phase space of a system described by a Hamiltonian H(q, p) = T (p) + S(q) = 1 2 p 2 + S(q). It has been known for a long time that the leapfrog integration scheme has many desirable properties, and higher-order generalizations have been discovered several times in different fields [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . The basic idea of such a symplectic integrator is to write the time evolution operator as
whereĤ is the Hamiltonian vector field. In the second step we have made use of Hamilton's equations, and thus implicitly the fundamental 2-form 1 ω = dq ∧ dp. From the structure of our Hamiltonian, namely the fact that the kinetic energy T is a function only of p and the potential energy S is a function only of q, it follows that exp −τ S ′ (q) ∂ ∂p and exp τ T ′ (p) ∂ ∂q are trivial 2 to evaluate. Let us write
so that by Taylor's theorem e tQ : f (q, p) → f (q + tT ′ (p), p) , e tP : f (q, p) → f (q, p − tS ′ (q)) ;
1 For simplicity of presentation we shall consider here only the case where the fundamental symplectic 2-form is ω = dq ∧ dp. For gauge theories we need to use ω = − P i d(p i θ i ) where the θ i are the left-invariant Maurer-Cartan forms on a Lie group manifold [24] , but this generalization is straightforward. 2 For gauge fields the p lie in a Lie algebra and the q in the corresponding Lie group, so the evaluation is straightforward if not entirely trivial.
then from the BCH formula (B3) we find that the QP symplectic integrator leads to the time evolution given by In addition to conserving energy to O(δτ ) such symplectic integrators are manifestly area preserving. The BCH formula tells us more than that there is an area-preserving approximate integration scheme for Hamilton's equations: it tells us that for each symplectic integrator there exists a "shadow" Hamiltonian H ′ close to the original one, which is exactly conserved. For the QP integrator the actual trajectories through phase space are integral curves of the vector field 3 H ′ = Q + P + Note that H ′ cannot be written as the sum of a p-dependent kinetic term and a q-dependent potential term. This means that any hope that one could exactly "invert" this relation to find a Hamiltonian whose approximate integral exactly conserves H is forlorn.
A. Symmetric Integrators
It is immediately apparent that we can do better than this by using a symmetric symplectic integrator (B4) which just gives the familiar PQP leapfrog scheme for which U 0 (δτ ) τ /dt = e δτ P/2 e δτ Q e δτ P/2 τ /δτ
The PQP integrator exactly conserves the Hamiltonian
whereas the QPQ integrator conserves
It is possible to construct symplectic integrators of arbitrarily high order; some aspects of this theory are discussed in Appendix C.
III. HYBRID STOCHASTIC ALGORITHMS

A. The Hybrid algorithm
The Hybrid algorithm [6, 25, 26] , so called because it is a hybrid of the Langevin [3] and Molecular Dynamics algorithms, constructs a Markov process on a "fictitious" phase space consisting of the field variables of interest (the coordinates) and a set of corresponding "fictitious" momenta. It should be emphasized that these momenta have nothing to do with the momenta which occur in the field equations of motion and canonical quantization relations; they are just introduced to define a classical dynamics of the fields in a new "fictitious" time dimension. If we are considering a four dimensional field theory, for example, then our "fictitious" dynamics takes place in a new fifth time dimension. To this end we introduce a Hamiltonian H(q, p) and a fundamental symplectic 2-form as in section II. We then iterate three Markov steps, each of which has the distribution e −H as an approximate fixed point and which, when taken together, are ergodic. 5 • The first such step is momentum refreshment whereby the fictitious momenta are chosen from a Gaussian heatbath. 6
• The second step is to integrate Hamilton's equations using an approximate integrator for some length of ficititious time τ , and then to flip the momenta
It has the distribution e −H ′ as an exact fixed point, and it thus approximately preserves the desired Hamiltonian H. If the integrator is symplectic then this step is area-preserving, and if it is also symmetric then the step is reversible (this is why we incorporate the final momentum flip).
• The third step is a momentum flip, F : p → −p, which obviously preserves the Gaussian distribution of momenta. Since this step is immediately followed by a momentum refreshment it can be ignored in all cases but Kramer's algorithm [28, 29, 30, 31, 32] .
B. Langevin Algorithm
The Langevin equation [3, 33] is just a special case of the Hybrid algorithm for a single leapfrog integration step with PQP ordering: in other words we use the symplectic integrator e δτ P/2 e δτ Q e δτ P/2 using the notation of equation (1). This operator maps (q, p) → (q ′ , p ′ ) where q ′ = q + p δτ − 1 2 S ′ (q)δτ 2 , which is the familiar Langevin equation when the the Gaussian distributed momenta p are written as Gaussian noise η and the time step as ǫ ≡ δτ 2 :
The PQP symplectic integrator has the amusing property of giving rise to a simple closed form Langevin equation, but there are many other variants too. For example, the QPQ symplectic integrator e δτ Q/2 e δτ P e δτ Q/2 leads to the equation
the lowest-order PQP Campostrini wiggle (q.v., Appendix C) gives
and the second-order PQP Campostrini wiggle gives
which agrees with the exact evolution operator e δτĤ up to O(δτ 7 ).
IV. EQUILIBRIUM DISTRIBUTIONS
We now want to address the question as to what fixed point (equilibrium) distribution is produced by the Langevin [33, 34, 35] and Hybrid algorithms. The existence of such a fixed point distribution and its uniqueness follow from their ergodicity. We are, of course, looking for a fixed point distribution of q alone, and not of both q and p.
Since in general the momentum dependence of H ′ is not exactly Gaussian we do not expect either e −H or e −H ′ to be an exact fixed point of a Hybrid Markov process. As we expect the equilibrium distribution to be close to the desired one, e −S , it seems reasonable to parameterize it as e −(S+∆S) . The condition that this is a fixed point is
q p is the phase space point reached at the end of a trajectory of length τ .
To solve this equation we change variables to (q ′′ , p ′′ ), whence we obtain
If U is area-preserving then its Jacobian det U * ≡ det ∂(q ′′ ,p ′′ ) ∂(q,p) ≡ e tr ln U * = 1, and if it is reversible then
In the general case we introduce the operationδ :
Next we note that H is an even function of p, namely H • F = H, and ∆S does not depend on p, so ∆S • F = ∆S also, hence
In terms of the operator δ : Therefore
and thus we obtain the condition e −(δ+δ)(H+∆S)−tr ln U * p = 1.
Since H is extensive so is δH, and thus we can show order by order in δτ that ∆S is extensive too.
A. Langevin Algorithm
For a reversible and area-preserving integration scheme, such as a symmetric symplectic integrator, the equilibrium distribution must satisfy e −δ(H+∆S) p = 1.
For the PQP Langevin integrator we have
If we expand the integrand of equation (5) we obtain to leading non-vanishing order in δτ δH + δ∆S p ∼ 0, and thus
This differential equation has an integrating factor of e −S ,
As we are only determining the asymptotic expansion of ∆S we set K = 0, whence we obtain
Up to an constant, which is fixed by the normalization of e −(S+∆S) , this gives
for the equilibrium distribution corresponding to the PQP Langevin equation.
It is most important to realise that this is only an asymptotic expansion, and the exact solution for ∆S may also involve terms which are exponentially small in the integration step size δτ . One way to understand this is to observe that equation (5) is a Gaussian integral over the momenta p, and that the domain of integration must include momenta p ≫ 1/δτ . In particular this means that the statement made in [3] that the shift in the equilibrium distribution corresponds only to the addition of irrelevant operators, and that therefore the δτ errors can be ignored if one computes quantities in the continuum limit, is erroneous because of the existence of these subleading relevant contributions.
If we write the asymptotic expansion as ∆S = n≥2 ∆S n δτ n then the preceding calculation is easily extended to find that the next term satisfies the equation
While this does not give a closed-form expression for ∆S 4 for arbitrary S, it is obvious that if S is a polynomial in q then ∆S 4 and all the other ∆S n are too. In general the fields q have multiple components, and equation (7) then becomes
with the obvious notation. For the QPQ integrator the shift in the equilibrium distribution is
whereas for the PQP Campostrini wiggle (q.v., Appendix C) the leading shift satisfies (5) .
B. Hybrid Algorithm
For the Hybrid algorithm we cannot derive an explicit formula for the shifted equilibrium distribution in general, but we can easily see from equation (II A) that the leapfrog integrator conserves a Hamiltonian H ′ which differs from H by terms of O(δτ 2 ). This means that δH = O(δτ 2 ), and thus we deduce from equation (5) that δ∆S ∼ O(δτ 2 ). Unlike the Langevin case considered previously the change in ∆S over trajectory has no reason not to be of the same size as ∆S itself, and thus we find that ∆S ∼ O(δτ 2 ).
V. NOISY ALGORITHMS
One of the main advantages of the Langevin and Hybrid algorithms is that they can be used for some non-local actions where an unbiased stochastic estimate of the force 8 Σ ′ can be computed relatively cheaply, with Σ ′ (q) η = S ′ (q) where the average is over some "noise" η which is chosen independently for each step.
It is helpful to think of the dynamics as that of a system evolving in the presence of some fixed background noise field; we shall leave this dependence on η implicit except where necessary. The noisy force estimator corresponds to the discrete mapping e tP of equation (2) becoming
and we thus find that the symmetric QPQ integrator conserves the Hamiltonian
This means that the change in H over a trajectory
where the last line is for a single leapfrog step where we have used equation (3). If we consider the quantity e −δH averaged over the noise η for a single leapfrog step we obtain
Observe that the coefficient of (1 − p 2 )δτ 2 is proportional to the variance of the noisy estimator Σ ′ , and thus can only vanish if the force is computed exactly. Thus, regardless of the order of the integrator used there will always be an O(δτ 2 ) leading error for a single MD step.
A. Noisy Langevin Algorithm
If we now use equation (5) to compute the equilibrium distribution for the noisy Langevin algorithm we must average equation (8) over a Gaussian distribution for p, thus we find that
Since, for a noisy force equation (6) is now of the form
we immediately find that ∆S = O(δτ 2 ), and more specifically it satisfies the equation e S e −S ∆S ′ ′ = −2A δτ 2 .
B. Noisy Hybrid Algorithm
In the case of the noisy Hybrid algorithm (for which there are τ /δτ steps per momentum refreshment) we recall that the evolution is to be averaged over independent noise for each integration step. Since the momentum distribution is no longer Gaussian after taking a leapfrog step, the leading order term is not cancelled as it would be if we only did one MD step per trajectory. The fixed point condition now becomes
where δH = δH 1 + · · · + δH N . Thus the leading error of the noisy Hybrid algorithm is ∆S ∼ O(τ δτ ), as each step contributes an error of O(δτ 2 ) by equation (8). A way of reducing this error to O(τ δτ 2 ) is the R algorithm [10] , which we shall discuss in §V E. Note that when we construct a Hybrid algorithm with a noisy force estimator there is no reason to expect there to be a nearby conserved "shadow" Hamiltonian, as averages of non-linear Poisson brackets will not be correct. Thus if the average error per step is O(δτ 2 ) we expect the errors at the end of a trajectory of τ /δτ steps to be O(τ δτ ) and not just O(δτ ).
C. Pseudofermions and the Φ Algorithm
We now turn our attention to the specific case of gauge theories in the presence of dynamical fermions. We start with the probability distribution for the gauge field U with the quadratic fermion contribution integrated out in favour of the fermionic determinant, P (U ) ∝ e −SG(U) det M(U ), where S G is the pure gauge part of the action and M is the fermion kernel. For the purpose of this discussion we ignore the pure gauge contribution to the action since this is a simple local quantity whose force can be computed exactly, and shall focus on the awkward fermion determinant. As usual we may replace the determinant with an integral over a complex pseudofermion [1] field Φ and write the joint probability distribution of the gauge and pseudofermion fields as
. We have taken the fermion kernel to be M ≡ M † M representing two flavours of fermion with Dirac operator M to allow for a simple implementation of the pseudofermion heatbath.
Φ Algorithm
The gauge field U corresponds to the variable q used in the general discussion before, and we will evolve it along a classical trajectory in the presence of a fixed pseudofermion background field Φ. We introduce a conjugate momentum field p in order to define a Hamiltonian H(U, p), P (U, p) ∝ exp − 1 2 p 2 + S eff (U ) ≡ e −H(U,p) ; the action S eff (U ) takes the role of the potential in the Hamiltonian, and of course depends implicitly on the background pseudofermion field. Note that the pseudofermion force term is given by
The Φ algorithm of Gottlieb et al. [10] is identical to the Hybrid algorithm described in §III with the addition of pseudofermion refreshment from a Gaussian heatbath before each MD trajectory. With regards to fermions, the Φ algorithm is restricted to describing N f degenerate flavours of fermions, where N f is the number of fermions described by the operator M.
The Φ algorithm uses a QPQ integrator, as the evaluation of the pseudofermion force acting on the gauge fields required for the P step is only evaluated once in this case.
According to the general arguments presented in §IV the fixed point distribution of the Φ algorithm must satisfy equation (5) . Performing an asymptotic expansion of this in powers of δτ , and observing that δH = O(δτ 2 ) for any trajectory length τ , we deduce that δ∆S ∼ O(δτ 2 ). We thus have that ∆S ∼ O(δτ 2 ), so the Φ algorithm is accurate to this order.
χ Algorithm
A slight variation of the Φ algorithm is the χ algorithm. The difference is that in the latter the pseudofermion heatbath refreshment is performed before every MD step as opposed to before each MD trajectory in the former. We might expect the error per step to be O(δτ 2 ), leading to an error per trajectory of O(τ δτ ). However, the error per trajectory is in fact O(τ δτ 2 ), 10 a proof of this will follow from that of the R algorithm to be given in §V E.
We note in passing that the pseudofermion force for the χ algorithm is given by
D. Non-local Actions and Noisy Hybrid Algorithms
There is considerable interest in having the number of fermion flavours unequal to that described by the fermion kernel (e.g., less than four flavours for staggered fermions). For such theories the required probability distribution is given by P (U ) ∝ e −SG(U) det M(U ) n , where the number of multiplets n determines the number of fermion flavours (e.g., n = 1 2 N f for Wilson fermions and n = 1 4 N f for staggered fermions). For n ∈ Z, the conventional pseudofermion approach fails because neither a non-integer power of the Dirac operator nor its derivative can be evaluated directly, which would be required to calculate the force.
R0 Algorithm
An alternative to the pseudofermion approach is to rewrite the determinant in trace log form where the effective fermion action is S F = −n tr ln M. The pseudofermionic force is replaced by a noisy estimator for the trace, since computing the trace exactly is prohibitively expensive. This force is written as
where η is a complex noise vector sampled from a Gaussian heatbath of unit variance. Defining an auxilliary field χ ≡ M † η the force becomes
With this formulation we can use the noisy Hybrid algorithm of §V to generate gauge field configurations corresponding to any number of flavours: the noisy estimator for the force Σ ′ being defined by ∂SF ∂U ≡ −n Σ ′ χ . This is the R 0 algorithm of Gottlieb et al. [10] and has leading order error O(τ δτ ).
E. Reversibility, Area Preservation, and the R Algorithm
As can be seen from equations (9), (10), and (11), the Φ, χ, and R 0 algorithms have similar "pseudofermion" force terms despite their different derivations. Indeed, we introduced the χ algorithm to emphasise this similarity: in both the χ and R 0 algorithms the "pseudofermion" force is computed from Gaussian noise η for each MD step. The difference is that in the former the pseudofermion field χ = M † U (t) η is calculated from a heatbath at the beginning of each MD step, whereas in the latter the auxilliary field χ = M † U (t + 1 2 δτ ) η is calculated at the midpoint of each MD step (that is, at the same time as the force itself is evaluated for the integrator).
The χ algorithm has O(τ δτ 2 ) errors for n = 1 multiplets, whereas the R 0 algorithm has O(τ δτ ) errors. However, for n = 0 multiplets (i.e., no fermions) the algorithms are identical and have errors of O(δτ 2 ). It seems reasonable to expect that the leading error has a linear dependence both on the time within the MD step at which the pseudofermions are generated from their heatbath and on the number of multiplets, so if we evaluate the pseudofermion field at time t = 1 2 (1 − n)δτ through the MD step for 0 ≤ n ≤ 1 we should obtain an O(τ δτ 2 ) algorithm. This is the R algorithm of Gottlieb et al. [10] . For two flavours of staggered fermions, this means evaluating the pseudofermion field a quarter way through each MD update. Note that this algorithm is neither reversible nor area-preserving.
To prove that the R algorithm does indeed have O(τ δτ 2 ) leading order error we again look at the fixed point (equilibrium) distribution. The condition is that given in equation (4), and in this case we have neither areapreservation nor reversibility. We consider a single step of the R algorithm, where the auxilliary field χ is computed at a time t = 1 2 (1 − α)δτ with α a free parameter. Expanding equation (4) to leading non-vanishing order we obtain (δ +δ)∆S p,η ∼ − (δ +δ)H + tr ln U * p,η + · · · .
We can compute the leading contributions to this quantity as follows; the change in energy over a trajectory is
where the O(δτ ) term vanishes upon noise averaging. Taylor expanding the Jacobian for each update step gives
Finally, the leading order contribution to the quantityδU = U −1 (δτ )− F • U • F that measures the lack of reversibility of the integrator is
We thus find that
If we choose α = n the leading term cancels, and thus the leading error is O(τ δτ 2 ) for an entire trajectory of τ /δτ steps. Therefore, as claimed, the R algorithm has errors of O(τ δτ 2 ), and thus so does the χ algorithm since it corresponds to the special case of the R algorithm with n = 1.
F. Exact Noisy Algorithms
It is interesting to consider whether the noisy algorithms described above can be made exact (in the sense of having no integrator step-size errors), and if so how.
With the addition of an accept/reject step after the MD step, the Φ algorithm becomes the exact Hybrid Monte Carlo (HMC) algorithm [7] .
The noisy Hybrid algorithm can be made exact by including a noisy acceptance step [36, 37, 38, 39] after each MD integration step. Note that a trajectory is defined as being the MD evolution between momentum refreshments, and can consist of any number of MDMC steps, where an MDMC step is an MD step followed by a (noisy) acceptance test. Using just one acceptance test at the end of the molecular dynamics trajectory is not valid, since reversibility is violated because of the noise. Unfortunately this exact version of the algorithm suffers from a significantly longer autocorrelation time: this is because the momentum must be flipped if a rejection occurs at any of the τ /δτ noisy acceptance tests required per trajectory, just as for the second-order Langevin (Kramer's) algorithm [27, 40, 41] .
The χ algorithm can be made exact by the addition of a Metropolis acceptance step after each MD step, and including a momentum flip after every rejected MD update: however, the resulting algorithm suffers from the same problems as the exact noisy Hybrid algorithm discussed before. 11 The R 0 algorithm can be made exact through the addition of a noisy acceptance test, however, since the algorithm has scaling O(τ δτ ), this would require very small step sizes. Unfortunately the R algorithm cannot be made exact by adding a (noisy) Metropolis acceptance step, because the lack of area-preservation and reversibility preclude detail balance being satisfied.
Clearly, the use of exact algorithms is preferable to that of the inexact algorithms described in this work. For nonlocal actions (e.g., a non-integral number of fermion multiplets) the Rational Hybrid Monte Carlo algorithm [11, 12] is a good candidate: in this algorithm the fractional power of the fermion kernel that appears in the pseudofermion bilinear is replaced by a rational approximation that can be directly evaluated and differentiated. Hence a pseudofermion formulation can be used, and a Metropolis acceptance test can be added to render the algorithm exact.
VI. CONCLUSIONS
In this paper we have described how the use of a symplectic integrator for the numerical integration of Hamilton's equations of motion not only preserves the reversibility and area-preservating properties of their exact solution, but also conserves a "shadow" Hamiltonian close to the original one. We have shown how this conserved Hamiltonian may be computed as a power series in the integration step size δτ using the BCH formula for the Lie algebra of Poisson brackets.
We then considered Markov processes of the Hybrid type, in which molecular dynamics and momentum refreshment Markov steps are alternated. Since the fixed point of the molecular dynamics step does not coincide with that of the momentum heatbath neither can be the fixed point of the full Markov process. We have derived a general condition (equation (4)) for this fixed point distribution, which simplifies to equation (5) for the case of reversible and area preserving MD integrators, and shown how properties of this distribution can be found by expanding these conditions in powers of the integration step size δτ . For the case of the Langevin algorithm, it was shown how the equilibrium distribution can be found explicitly to any order in δτ , and why this is only an asymptotic expansion.
Finally we considered those algorithms which use a noisy estimate of the force. Here the leading order behaviour of these algorithms was found for the noisy Langevin and Hybrid algorithms. It was shown that in general noisy Hybrid algorithms have leading order error O(τ δτ ) regardless of the order of the numerical integrator, however, there are special cases where we can cancel this leading term through a judicious choice of when we evaluate the noise, i.e., the R algorithm. We also considered how to render these algorithms exact through the addition of a Metropolis acceptance test. 
wherev j indicates that the term v j is omitted, and [a, b] ∈ T M is the commutator of two vector fields a, b ∈ T M.
Proof. We may express Ω in a local coordinate patch as Ω = 1 k! Ω µ1,...,µ k dq µ1 ∧ . . . ∧ dq µ k , and thus
The result is independent of the coordinate system used for this verification. This argument may be carried out more explicitly in a local coordinate patch. Locally ω may always be written as
and as this must hold for arbitrary x we may identify
The commutator ofÂ andB is
where the Poisson bracket is for all x, y, z ∈ L.
Note that this implies that the Lie bracket is antisymmetric, . The converse is also true unless K has characteristic 2. If A is an associative algebra over K, then it has a natural Lie algebra structure 13 given by [x, y] ≡ xy − yx.
Lemma 4 For any given Lie algebra L there is a unique associative algebra A 0 called the enveloping algebra of L with a Lie algebra homomorphism φ 0 : L → A 0 defined by φ 0 : [x, y] → xy − yx which has the universal property that for all A for which there is a Lie algebra homomorphism φ : L → A there is a unique algebra homomorphism f :
In other words the enveloping algebra "contains" all associative algebras which have L as their natural Lie algebra.
Proof. Let T be the tensor algebra 14 over L and I be the ideal of T generated by the elements x ⊗ y − y ⊗ x − [x, y] (∀x, y ∈ L); then A 0 = T /I.
Poincaré-Birkhoff-Witt Theorem
Not only is a Lie algebra contained in its enveloping algebra, but in fact the tensor algebra has a direct sum decomposition T = T s ⊕ I, where T s is the subalgebra a T consisting of all symmetric tensors, so A 0 ∼ = T S . This is the content of the following Theorem 2 (Poincaré-Birkhoff-Witt) Let L be a Lie algebra over K which is a free K-module with a totally ordered basis (x i ), and let A 0 be its enveloping algebra. Then A 0 is a free K-module with the set of ordered products φ 0 (x i1 ) . . . φ 0 (x in ) (i 0 ≤ . . . ≤ i n ) as a basis.
Proof. Recall from the proof of Lemma 4 that A 0 = T /I. If we define T s to be the submodule of T spanned by the ordered products x i1 ⊗ · · · ⊗ x in (i 1 ≤ . . . ≤ i n ), then what we must show is that T is the direct sum of modules T s and I, that is T = T s ⊕ I and T s ∩ I = ∅. We shall do this by showing that each element of T has a unique decomposition into an element of T s and an element of the ideal I. Clearly, for elements of T s or I we must have
For any other basis element of T where the factors are not in increasing order we have
where x < y. All that remains to show is that this decomposition is well-defined and does not depend upon the order in which we apply the preceding identity. The only non-trivial case occurs when there are three adjacent out-of-order factors, for which we have both
These two values differ by
where we have used the Jacobi identity.
Free Lie Algebras
We are interested in the properties of the Lie algebra generated by some set of operators, but a priori we know nothing about the nature of the Lie brackets of these generators. We therefore wish to work in the context of the most general Lie algebra which can be constructed from these generators, for which all Lie brackets are assumed distinguishable unless they are related by the defining relations (B1): any further relations between Lie brackets may be applied post facto. More formally this means that we wish to carry out our calculations in the free Lie algebra over our set of generators.
Let L 0 be a Lie Algebra over K, and A a set with a mapping i : A → L 0 . L 0 is called free on A if for any Lie algebra L and any mapping f : A → L there is a unique Lie algebra homomorphismf : L 0 → L such thatf • i = f . This is a universal definition, as shown by Theorem 3 For every set A there is a unique free Lie algebra L(A) on A, L(A) is a naturally graded K-module, i is an injection, the component of L(A) of degree 1 is the free submodule generated by i(A), and L(A) is generated as a Lie algebra by A.
Hall Bases
Central to calculations in free Lie algebras is the question of how many independent basis elements are there of a given degree, and how to reduce an arbitrary expression to canonical form in terms of such a basis.
Definition 6 (Hall Trees [42, 43, 44, 45] ) Given a set A consider the set of all binary trees with leaf nodes labelled by elements of A: this set is called the free Magma M (A). We shall denote the tree h whose left subtree is h ′ and whose right subtree is h ′′ by h = (h ′ , h ′′ ). A Hall set H is a totally ordered subset of M (A) containing A which satisfies 
Dimension of Hall Bases
The dimension of the Hall basis of degree N on a set of cardinality q is given by Witt's formula [46] 
By the Poincaré-Birkhoff-Witt theorem the set of ordered (symmetric) monomials on the independent commutators is a basis for the universal enveloping algebra of the free Lie algebra. A basis for words of length N is therefore provided by symmetric products of n k words of length k chosen from the a k generators of the free Lie algebra, where k≥1 kn k = N . There are exactly (−) n k −a k n k = a k +n k −1 n k ways of choosing these n k words symetrically, and this is the coefficient of x k in the series expansion of (1 − x k ) −a k = n k ≥0 −a k n k (−x k ) n k . The total number of words of length N is thus the coefficient of x N in the generating function g ≡ k≥1 (1 − x k ) −a k . On the other hand, the universal enveloping algebra is just the free algebra on q symbols, so there are q N independent basis elements for words of length N , and thus a k is determined from the equation g = For any power series f (X) = n≥0 a n X n we have
More specifically we have a
Proof. Equation (B2) is linear in f , so it suffices to consider f (X) = X n , for which we have
We shall prove this by induction on n: for n = 0 it is trivially true, and
Using the identity Xu = [X, u] + uX = (ad X)u + uX we obtain
Proof. By Theorem 4 we have
Definition 7
We define the Hausdorff series as
and the c n are homogeneous of degree n in the generators A and B. For any derivation D we have D1 = D(1 · 1) = D1 · 1 + 1 · D1 = 2 D1, so D1 = 0. It is also trivial to verify inductively that d X X n = nX n and d X e X = Xe X . Proof. Using Corollary 1 we obtain
We now observe that 1/g(x) may be decomposed into the sum of an even and an odd function Taking the symmetric part of this expression we see that Since e A e B = e A+B+δ(A,B) and e −B e −A = e −B−A+δ(−B,−A) we see that δ(A, B) = −δ(−B, −A), so under interchange of A and B all terms of even grading in change sign, whereas those of odd grading do not.
APPENDIX C: HIGHER-ORDER SYMMETRIC SYMPLECTIC INTEGRATORS
It was observed by Campostrini [13, 53] that one can construct higher-order integrators by the following method [14] : since U 0 (δτ ) = e δτĤ + R 0 δτ 3 + O(δτ 5 ) we observe that the "wiggle" U 0 (ǫ)U 0 (−σǫ)U 0 (ǫ) = e ǫ(2−σ)Ĥ + R 0 (2 − σ 3 )ǫ 3 + O(δτ 5 ) can be adjusted to give an integration scheme correct to O(δτ 5 ) by choosing σ = 3 √ 2. The step size may be kept fixed by taking ǫ = δτ /(2 − σ).
Naturally, this wiggle may itself be iterated to give integration schemes of arbitrarily high order, all of which are still reversible and area-preserving. We use the recursive definition U n (ǫ n )U n (−σ n ǫ n )U n (ǫ n ) = e ǫ(2−σn)Ĥ + R n (2 − σ 2n+1 n )ǫ 2n+1 n + O(δτ 2n+3 ) and choose σ n = 2n+1 √ 2 and ǫ n = δτ /(2 − σ n ). It was noted by Yoshida [16] that while the lowest-order Campostrini scheme is optimal, in the sense of requiring the fewest integration steps, the second order Campostrini wiggle is not. The lowest order Campostrini scheme corresponds to the operator e ǫQ/2 e ǫP e ǫQ/2 e −σǫQ/2 e −σǫP e −σǫQ/2 e ǫQ/2 e ǫP e ǫQ/2 = e ǫQ/2 e ǫP e (1−σ)ǫQ/2 e −σǫP e (1−σ)ǫQ/2 e ǫP e ǫQ/2 which uses precisely seven steps. The second order wiggle uses 19 steps, while the 15 step operator
= e u δτ Q/2 e u δτ P e (u+v) δτ Q/2 e v δτ P e (v+w) δτ Q/2 e w δτ P e (w+x) δτ Q/2 e x δτ P e (w+x) δτ Q/2 e w δτ P e (v+w) δτ Q/2 e v δτ P e (u+v) δτ Q/2 e u δτ P e u δτ Q/2 has errors of O(δτ 7 ) if the ideal defined by
x 5 + 2w 5 + 2v 5 + 2u 5 = 0,
is not empty. This is indeed the case, as a Gröbner basis computation shows that v, w, and x may be expressed as polynomials in u, which is a root of the following irreducible polynomial
